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These slides have been modified from an initial version developed
by Quanser

https://www.quanser.com

| sincerely thank Quanser for allowing me to adapt them
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Closed-loop transfer function

ek ;% Ol e Y95 o L™
Y.(s) Y(s)
5 Faly) s

We want Fg(s) to behave like a reference model F¢(s)

which takes, usually, the form of a standard second-order transfer

function model

Automatique
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Standard 2nd order model

S f 2" ord
* Recall the standard second- tep response of 2™ order system
order transfer function:

Y(S) ) w% IPO /\/ /r(t)
R(S) _SZ +2€(1)n+(1)721 1.5 R0 \/

° W, is natural frequency E

d r(t)

y(t)

* {isthe damping ratio

Automatique H. Garnier
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Effect on response?

Natural frequency effects the

response speed

Increasing the natural frequency makes the

w, =20 w, =10

14 . . o - - —— ; :
12l ! / |

1k = o ..""‘--....m..

J"
y
08l |
/
6

response faster
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Damping ratio effects the

response shape
7=0.5 7=0.7

N/

System is known as being critically damped
when £ =1 ; there is no overshoot

H. Garnier
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Peak Time and Overshoot

Overshoot

y®

0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

\ ) time (s)

Peak time
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Finding Overshoot and Peak Time

Percent overshoot Peak time
® Measured from step response * measured from step response
po = 2mex Z 55 o 100 ty = tmax — to
ySS
® Calculated from transfer function ® Calculated from transfer function
PO = 100e /N 1¢* t, = T
w1 — {?

Automatique H. Garnier
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PID control design
Example: Tuning for the QUBE-Servo 2 angular position

Motor voltage Measured
R(s) E(s) \
O . X

U(s) Y(s)
Desired angular s . >
position

angular position

Automatique H. Garnier
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P Control Design

Closed-loop Response to Setpoint
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* Plant model
G')m(s)_ K
Vm(s) B S(TS + 1)

s+ 1

* Control input (i.e. voltage)

Vn(s) = kp(gd — Om)

* Find closed-loop transfer function

Automatique H. Garnier
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Find Closed-Loop Transfer Function

® Closed-loop transfer function

Y(s) B Kk, /T
R(S)_ 2 1 Kkp
S +?S+T

Automatique

® Standard second-order transfer
function

Y(s) Wy,
R(s) s2+20wy,s + w2

H. Garnier



PD Control Design

Closed-loop Response to Setpoint
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Standard PD Control with P and D on the error

Implement this standard version of the PD control on the servo
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Closed-Loop Transfer Function

. Given the plant model Ys)__ K
Uis) s(Ts+1)

- and the compensator C(s) = ky, + kgs

Y(s)

- Find closed-loop transfer i
R(s)

function
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Resulting Equation

« For PD control, the closed- « Standard second-order transfer
loop equation of the QUBE function
is:
Y(s) _ [K(kn +kys) ] Y (s) _ Wy
R(s) w°+(Kk,+1)s+Kk, R(s)  s%+2Cwns +wy

Do these equations match?

Automatique H. Garnier
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They do NOT match

* Closed-loop transfer function of the
standard PD control does NOT match

* |t has zero in numerator

» Gains designed for the standard PD Y(s) _ Kk, +kgs)
controllers may not yield desired R(s) m”+(Kky+1)s+Kk,
response on actual system

Automatique H. Garnier



PD Control with derivative on the output

Implement this variation of PD control on the servo, i.e.
proportional control with derivative feedback
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Closed-Loop Transfer Function

* Plant model ’”zgd,, ,>_,< @ =" LIRTA
- s+ 1

Y(s) K

U(s) s(Ts+1) q < B

* Control input (i.e. voltage)

0| =
b
[l
D

Vn(s) = kp(gd — Om) — kqsOp,

* Find closed-loop transfer function

Y(s) Kk,/t
- Kk
RO o, At Kigds | Ky

Automatique H. Garnier
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Find Closed-Loop Transfer Function

Closed-loop transfer function Prototype second-order
transfer function
Y(s) _ Kk,/t Y(s) w2
R(s) s2 + (1+ Ir{kd)s + Kfp R(s) s+ 2{w,s + w?
A A A A
2
Kk _ @nt
= vk
2w, —1
1+ Kk — n
(wp = T < ka K

Automatique H. Garnier



PD Design for (w,,, {)

1. Based on required peak time and
overshoot get w, and

2. Given w, and Z, what PD gains
would | need?

Automatique

Wit
PT K
20w, —1
d= K
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Pl Control Design

Closed-loop Response to Disturbances
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General Control System Block Diagram

Disturbance D (S)
Reference Control signal
Output
r u y
C(s) P(s)
Controller Plant

Automatique H. Garnier
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Pl Control with Reference and Disturbance

Disturbance torque applied
—> Td .
to load of servo Motor time constant (1),

i steady-state gain (K), and

total inertia of servo (J,)

T

—

Disturbance voltage

K Yy = Wy
s+ 1

Automatique H. Garnier
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Response to Load Disturbances

When referene command is zero, i.e. r = 0, block
diagram can be reduced as follows

Va Um K Yy = Wn

Automatique H. Garnier
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Find Closed-Loop Transfer Function

Y(s) = P(s)(Va(s) — C(s)Y(s)) Vg Um K Yy = Wn
s+ 1
Y(s) = 15 Vals)
Y(s) = k. Va(s) k
rs+1+1<(kp+?) kp+—l
K
Y(s) = L Va(s)
sZ + L Rigy +TKk s + KTki

Automatique H. Garnier
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Response to a Step Disturbance
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A K
Va(s) === U (5) = T Va(s)
d s mS) =TT Y Kk, Kk, 4
s2 + s+
T T
Proportional control Pl control
AgK/T AyK /T
Y(s) = — e
52+1+Kkps s o 1+HKky Kk
P K s+ TS + =
i i at/t AgKs/t
Wss = E_r,rf}s V(s) = ?—r»r(} 1+ Kk, wes = limsY(s) = lim 1 de/
s + s—0 s=0 + Kk Kk;
T §< = T S = T
AqzK
— wee =0
“ss T T¥ Kk, "
Automatique H. Garnier



PID Control Design

Closed-loop Response to Setpoint and Disturbances
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Standard 37 Order System

e Characteristic 3™ order transfer
function:

(s +po) (s + 2{wy, + wf)

* ®, is natural frequency
* C is the damping ratio
* Do is the location of a pole

Automatique

and r(t)

y(t)

Step response of 2" order system
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Closed-Loop Transfer Function

® Plant model ® Find closed-loop transfer function
O (s) K
P(s) = =
Vm(s) S(TS + 1)
v(s)=— 1) pegy PO B

1+ P(s)C(s) 1+ P(s)C(s)

® Control input (i.e. voltage)
U(s) = C(s)(R(s) — Y(s))

® Controller

ki
C(s)=k,+—+k
(s) p+S+ ds

Automatique H. Garnier
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Find Closed-Loop Transfer Function

Closed-loop transfer function 3rd order characteristic equation

(s +po)(s* + 2{wn + wy)

K
Y(s) T (kas? + kps + k;) =57+ (2{wy + Po)s® + (wi+2{w,Ppo)s + wypo
- Kk . A
R(S) S3+(1+de)52+ pS+Kkl A
T T T
A A
[
nPo = .
Kk
wE+2wnpy=—>
1+ Kky
20wy +po = -

Automatique H. Garnier



PID Design for (w,, {, p,)

1. Based on required peak time and
overshoot get w, and

2. Given p,, w, and g, find PID gains
needed

Note: the extra pole p, is a design that
the user can adjust

Automatique

(w5 + 2{wppy)
P K

_ T(2§wp +po) —1

d K
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PID Control with Reference and Disturbance

: : T
Disturbance torque applied d Motor time constant (),
to load of servo l steady-state gain (K), and
T

total inertia of servo (J,)

Disturbance voltage
Kleg| ~ .

r =20y, K y=0nh

Automatique H. Garnier



Response to Disturbances

When reference command is zero, i.e. v = 0, block

diagram can be reduced

Va

Automatique

Um

K
s(ts+ 1)

k;
kp +?+ de
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Find Closed-Loop Transfer Function

Y(s) = P(s)(Va(s) — C()Y(5))

Y(s) = 1T PC Va(s)
K
(zs +1) Ks
Y(s) = S V,(s) Y(s) = V,(s)
1+ﬁ(kp+%+kds) a s(ts+ 1) + K(kps + k; + kgs?2) d
9P
Y(s) = u Va(s)

L a +T1<kd) 2+K_’<2 + K

Automatique H. Garnier
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Response to a Step Disturbance
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K
Vy(s) = 2a 0,,(s) = T Va(s)
d s m L L+ Kka) k Kk ¢
vt STt st
PD control PID control
K K
—s
Y(s) = L Va(s) 0,,(s) = L 4
1+Kk, Kk m(S) Kk a(s)
Sz+ T dS+ Tp S3+w32+ '[p +Kk
| | %g .. = lims ¥(s) = I Ag/s-Ks/t
953=£11’)%SY(S)=£1_I)%S 1+ Kk, ss = Mg T _sl—l;%s (1+de) §2 Kk, Kk
S+—— T st
AyK
_ 0., =0
Os =11 KK, "
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